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The following nonautonomous quasilinear system with two degrees of free-
dom is considered

E4artby=f@-+pFx2y oW

" ) i (0.1)
§+cx4dy=0q@) +pd (2 y 50

It is assumed that f and ¢ are continuous periodic functions of
period 2w; the functions F and O are analytic with respect to the vari-
ables x, %, y, y and u and are continuous functions of t having the same
period 2w. The quantity 4 is a small parameter. The coefficients a, b,
¢ and d are constants. We shall consider the case of resonance (1,p.107],
when the fundamental equation

(PP a)(DP4d) —be=0

has two roots equal to * ik, where k is an integer, and two other roots
equal to * i®, where @ is not an integer.

The general solution of the generating system (u = 0) has the form

xo* (f) = Ao cOs kt -+ I%“ sin kt 4 Ep cosw t -+ %sinmt + @
0.2)
vt () = p1 (Ao cos kt + %’sin k) + po (Ea cos ot +- %sin ot) + 9%

where f*(t) and ¢*(t) are particular solutions of the generating system,

A B E0 and Do are arbitrary constants
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We shall separate from (0.2) a family of periodic solutions of period
27

B, . s
xo (1) = Ao cos kt + Tosm kt + f° (1) 0.3)

Bo .
w)=pmn (Ao cos kt + % sin kt) + ¢° (#)

Here f°(t) and ¢°(t) represent a particular solution of period 2w of
the system (0.1) for p = 0. According to [1, p.109], the necessary and
sufficient condition for the system (0.1) for p = 0 to have, in the case
of the resonance, the periodic solutions (0.3), is that the functions
f(t) and ¢(t) should satisfy the two conditions

2n on
{ v+ e @loska=0, {17+ 2

—d —d
[ °

@ (1)) sin ktdts =0

The problem consists in the search of periodic solutions of period
2w of the system (0.1), which corresponds to the generating solution
(0.3) when p = 0. In [2] it was erroneously indicated that the solution
(0.1) has a form analogous to the form of the solution (0.3) of the
generating system. Actually it is not so. We shall determine the exist-
ence conditions of such periodic solutions of (0.1) and shall show how
they can be determined.

1. In accordance with Poincaré’s method, initial conditions for the
system (0.1) are taken in the form

z (0) = 2o (0) + &y, % (0) = o (0) + by

) ] 1.1)
¥ (0) = 5o (0) + bs, ¥ (0) = %o (0) + b,

where the bi's are some quantities, vanishing for pu = 0. Then the solu-

tion of the system (0.1) depends upon the parameters bl, b2, b3, b4 and
can be expanded in series of integer powers of these parameters
4
z(®) =z () + D) Py)b+pl...]=0
i=1
4 (1.2)
vO=w®+ NP Ob+pl..]1=0
i=1

The functions Pli(') and Pzi(t) are found by substituting the series
of (1.2) in equation (0.1) and equating the coefficients of the terms
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of like powers in bi and p, Let us introduce the notations

1 1
71— P2 (bs — psh1) = B, ﬁ@lbl_bt)=38 (1.3)
1 1
pl__p'(ba—'Psbs)=Ba. —ix_——p_a_(P‘b’_b‘)=B‘
As a result we shall have the solution of (1.2) in the form
z(t)=zo(t)+Blcoskt+B’smkt+p,cosmt+—smcot+p,[ J (1.4)

y (D) = v () +p1(BlcOS kt+BTsin kt) + pg(B.cosmt+%sin mt)+p. [...]

The initial conditions (1.1) become

z (0) = z0 (0) + By + By, Y (0) = yo (0) 4+ piBy + paBs

2(0) =20 (0) + Bs+ B 3 (0) = go (0) + piBs + paBe (1.5)

As shown in [1, p.119] two of the quantities pi (their number is
equal to the number of arbitrary constants entering the generating solu-
tion) are analytic functions of the two others and of the parameter y,
and become zero for p = 0. Here {3, and B, are the independent quantities
and 3, and B, the analytic functions of B,, B, and p. In fact, we shall
write the conditions of periodicity of the functions «x(t, Bi, ) and
z(t, Bi, W) in accordance with (1.4) and (1.5)

By (cos 2n0 — 1) + %sin 2no + 8, (B, By, Bay Bayw) =0
— Bsw sin 210 -+ Py (cos 2w — 1) + s (81, Bs, Bay Bayp) = 0

(1.6)

The functions 91 and 62 are some analytic functions of 3;, By, Pj.
34 and u. The conditions of periodicity of the functions y(t, Bi' @) and
y(t, ﬁi, p) differ from the conditions (1.6) only by a factor p,. Since
2(1 - cos 2 ww) # 0, the equations (1.6) can be solved with respect to
P; and B,, and yield the analytic functions

Bs =¥1 (B1, Bay ), Bs =2 (B, Bay )

which become zero for p = 0.

Thus, the solution of (1.4) is represented by the series

z (&) = zo () + Bz cos kt - ?%sin kt 4+, cosot + :f—f sin ot 4

BC ac,
+Z[ m mB+ ]

n=1

(1.7
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y(@®) =y (t) + p1 (131 cos kt + %‘sin kt) + pa (1{7, cos wt + % sin mt) +

i H,, (t) oH (z) .7
+n2=l[H,.(z)+ o bt Bat . ]
The functions Cn(t) and Hn(t) are determined as in [2]
Cal) = G, (0 + €2 (0, H, (8) = p.C,» (1) + pC, 2 (1)
where
{
CO W = sz[ K P (c)— —On(t)]sink(t—c)dt
° .8
t
Cal® () = — k*“ —of p (1)-_4) (t)]smm(t—x)dc
0
Here
1 arip 1 avlo
Folt) = n—ni (d_l,jl'——l)pi —p=0’ 0. () =G =11 (—d;’:)ﬂi=u=o

Expanding F (t) and O L(t) in Fourier series and calculating the inte-~
grals of (1. 8), it is easy to show that C (2)(t) has for components a
periodic function of period 2w and the harmonics of sin ot and cos wt
with some coefficients. In other words, Cn(z)(t) is not a periodic func-
tion of period 2w, since w is not an integer.

The solution of (1.7) is represented as

z () =20 () + 20 O + 220, y (O =y (&) + pzV @) + psz? (9)

where
1.9

o0 (1) 1)
@ 30w
2 (1) = By cos kt + 5 sin ke + 3] [c o o+ a4y Bt 5B, Bt .. .]p.“

n=1

) aC. @ (¢ ac. @z
2 (1) =¢lcosmt+%sinmt+ Z I:Cn(z)(t)+ ;Ao()Bl-i— SBO() s -+ ..]p."

n=1

(1.10)

The necessary and sufficient condition for obtaining a periodic solu-
tion of period 2w for (1.9), is that the conditions of periodicity of
the functions x(l)(t) and x(z)(t) be satisfied
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@ 2m) = B,, 1 (2n) = By (1.11)
2@ (27) =11 (B, Bs, 1), 2@ (21) =y (By, ey 1) (1.12)

Thus, the problem has reduced to the construction of the periodic
functions x(l)(t) and x(2)(t) of period 2w.

2. The construction of the function x(l)(t) is analogous to the con-
struction of the periodic solution of a quasilinear nonautonomous system
with one degree of freedom [3,4]. Thus, from the conditions of period-
icity (1.11) it is possible to determine the amplitudes Ao and B0 of the
generating function and the quantities P, and P, in the form of a series
of integer or fractional powers of u, depending upon the multiplicity
of the roots of the equations of the basic amplitudes C (1)(2ﬂ) 0 and
¢,V m = o.

3. The construction of the function x(z)(t) is made according to
(1.10) if the quantities ¥ and Yy are determined. Therefore, by virtue
of the analicity of ¥ and ¥y with respect to Dl, Bz and ¢4, and also
since a differentiation with respect to pl and Qz can be replaced by a
differentiation with respect to Ao and Bo, we have

©

¥;(Byy B2 W) = z [‘F_m'*' g+

n=1

‘P’"Bz+...}p," G=1,2 G

The conditions (1.12) of periodicity of the functions x(Q)(t) and
i(Z)(t) are used for the determination of Yin

v,
¥, (cos 210 — 1) + — sin 210 + CP (2n) =0

— 0¥,, sin 210 -+ ¥,, (cos 20 — 1) + €,® @2n) =0

Whereupon 5.2)

2

¢ @ on s
v, =] [C,}Z’ (2m) + _"_E(“) ot nw] P Y= 5 16,D,00) — 0C,® 21) cot 0]

Thus, y,, and y, are calculated from the formulas (3.2) once the
functions C, (2) ¢y and ¢, (2) (4) are known. Knowing y,, and y, , we de-
termine on the basis of (3 1) the quantities w (Dl, Bz, u) and also the
function x( (t) from the second formula (1. 10)

In order to determine the functions Cn<1)(t) and Cn(Z)(t) it is in-
dispensable to know F (t) and ®n(t). We shall denote
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*2) @) Fon
P m=cC,* () + ¥, cos o+ — sinot

Cor () = C,0 (0 + €' (0, Hy* () = piC,® () + mC, P (0

By verification we determine that the functions Cn'(z)(t) are
periodic of period 2w. The expressions for the functions F _(t) and
Qn(t) are obtained from the corresponding expressions of [2 . replacing
C.(t), C,(t), H (t) and H_(t) by C,*(t), € *(¢t), H*(t) and H *(t).

4. If the quantities pl and 52 are determined by series [3] of inte-
ger powers of the parameter u

(o] oo
Br= 2‘ Ap", B = Z Bu"

Nn==1 n=1

then the functions x(l)(t) and x(z)(t). and consequently the solution
x(t) and y(t) are series of integer powers of the parameter u

W) =ps® () +F 2V @+ ..., D) =pn® @) +p2P @0+ ...
We shall determine the expressions of the first two functions

B
2™ (8) = Ay cos kt + 7 sin kt + C,P ()

B, . aC,v (1) 3C;Y (1)
2™ (1) = As cos kt + - sin kt + G () + —— A + 380( B, etc.

aC,*® (1) aC,*@ (¢
2n® () = C* @ (), 2 () = C*® () + 51— 41 + ‘aBo“B, etc.

If the equations of the basic amplitudes have double roots, then the
quantities B, and [, are sought for in the form of series in the powers
of p and ul/;. The function x(l)(t) is found in a manner similar to that
used in [4] and x(Z)(t), as was shown in Section 3.

The method of construction of the periodic solutions can be extended
to systems with n degrees of freedom. For instance, in the case of
oscillations of same frequencies, the construction of the periodic solu-
tions of period 2w breaks down into n separate problems of successive
determination of periodic functions z‘1'(¢), ..., x(™ (t). Thus the
problem of the construction of x(l)(t) is similar to the search of a
periodic solution of a system with one degree of freedom, and the others
are found by the method of Section 3.

Exaiple. The following system of equations is considered
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. .1 5 1
4 y=-cos2t4+p(1— 1% y-—zz—l—zy:—z—cosm-}-py

The fundamental equation has for roots * i and * 1/2 i. Subharmonic
solutions of the system are sought. We have Py = 1 and py < 1/4 The
generating solution depends upon two arbitrary constants

x0 = Ao cos t + By sin t, yo = Ao cos t + By sin t - cos 2¢
The equations of the basic amplitudes

A3+ USHBN]=0,  Ba[3+ (A + B =0

have the obvious solution Ao = Bo = 0. Using the construction procedure
of periodic solutions described above, we obtain the first approximation

() = [_§<1_ 1)sin t+ % sin 2:];;
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